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GENERALIZED SCALAR CURVATURES OF
COHOMOLOGICAL EINSTEIN KAEHLER
MANIFOLDS

KOICHI OGIUE

1. Introduction

In Riemannian geometry all elementary symmetric polynomials of eigen-
values of the Ricci tensor are geometric invariants. In particular, the one of
degree 1 is called the scalar curvature.

In this paper, we shall study some properties of the geometric invariants for
cohomological Einstein Kaehler manifolds. Let M be a Kaehler manifold with
fundamental 2-form @ and Ricci 2-form y. We say that M is cohomologically
Einsteinian if [y] = a-[@] for some constant a, where [*] denotes the coho-
mology class represented by *. It is well-known that the first Chern class ¢,(M)
is represented by 7.

Let z;, - - -, z, be a local coordinate system in M, g = 3 g,,dz,d7, be the
Kaehler metric of M, and § = }] R,;dz,dZ, be the Ricci tensor of M. Define
n scalars p,, - - -, p, by

det (g,; + IR,
det (g.)

=1 + Zpkﬂc,
Pyl

and denote the scalar curvature of M by p. Then it is easily seen that p = 2p,,
and is also clear that p, = det (R,;)/det (g,4).

We shall prove

Theorem 1. Let M be an n-dimensional compact cohomological Einstein
Kaehler manifold. If ¢, (M) = a-[D], then

[t = ()1
n

where (k) denotes the binomial coefficient, and =1 the volume element of M.

This results implies that the average of p;, J pr¥l / J *1, does not depend
M M

on the metric too strongly.
Let P,,,(C) be an (n + p)-dimensional complex projective space with the
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Fubini-Study metric of constant holomorphic sectional curvature 1. An n-di-
mensional algebraic manifold imbedded in P, ,(C) is called a complete inter-
section manifold if M is given as an intersection of p nonsingular hypersurfaces
M, ---,M,inP,, (O),ie,if M=M N --- N M, Itis known that the
(first) Chern class of a complete intersection manifold M is completely deter-
mined by the degrees of M,, ---,M,, and it is easily seen that a complete
intersection manifold is cohomologically Einsteinian with respect to the induced
Kachler metric.

Theorem 2. Let M be an n-dimensional complete intersection manifold in
P, ,(C),ie,leteM=MN--- N M, Then

(4z)"
n!

[prt=()[zn+r+1-Za]da

where a, denotes the degree of M,, =1, -- -, p.
Theorem 3. Let M be an n-dimensional complete intersection manifold in

k
P, ,(O). If py > (Z) (—’21—) for some k, then M is a linear subspace.

The above theorems can be considered as generalizations of the results in [3].
Theorem 2 is of Gauss-Bonnet type in the sense that it provides a relationship
between differential geometric invariants and more primitive invariants: The
scalar p, is a differential geometric invariant and depends fully on the equa-
tions defining M, but Theorem 2 implies that the integral of p, depends only
on (the sum and the product of) the degrees of M. Theorem 3 gives a char-
acterization of a linear subspace among complete intersection manifolds.

The author wishes to express his thanks to the referee for a valuable sug-
gestion.

2. Proof of Theorem 1
Let @ be the fundamental 2-form of M, that is, a closed 2-form defined by

(1) @=_—”;12gn5dza/\dzﬁ.

Let y be the Ricci 2-form of M, that is, a closed 2-form defined by

(2) - =_~“_V4“7;12R,,5dz',/\dzﬂ.

Then the first Chern class ¢,(M) is represented by y. We denote [*] to be the
cohomology class represented by a closed form * so that, in particular, c,(M)
= [yl

Since ¢,(M) = a-[9], there exists a 1-form 7 satisfying
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=ad + dy .

Therefore we obtain
k

(3) 7F = a*@F + 3 (--)OF A (dy)
£=1

where (- - -) is a constant involving £.
Let A be the operator of interior product by @. Then it follows from (1) and
(2) that

k!n! ik KLE!

A@F = , =0,
? Q2r)* pi

(= h)!
These, together with (3), imply

k'k! . k!n B s .
(—2‘75;‘.‘71:—-“—(;—:—]()—!4';1( YARQEE N (dp)t
so that
(4) e = (2na>k(z) + z (-] A4 ,

where {- - -} is a constant involving £.

Let  be the codifferential operator, and C the operator defined by Ca =
(W =1)"*a, where « is a form of bidegree (r,s). Then 64 = A5, CA = AC
and dA — Ad = C'3C (cf. for example [1]). We can prove inductively that
dA* — Afd = 4C7'6C A, from which it follows that A%(dp)’ = A%d(y N (dp)*~)

= —4C18CA (7 N (dp)*~"), and hence J- Adp) 1 = 0. Therefore from
M

(4) we have
J.M‘Dk x1 = (2n'a)"<Z) J.M* 1.

3. Proof of Theorems 2 and 3

Lct /4 be the generator of H*(P,, ,(C), Z) corresponding to the divisor class
of a hyperplane in P, ,(C). Then the first Chern class ¢,(P,, ,(C)) of P, ,(C)
is given by

(5) (P, 5(C) = (n + p + D .

Let j: M — P,,,(C) be the imbedding, and 4 the image of h under the
homomorphism j*: HYP,. (C), Z) — H*(M, Z). Then the first Chern class
(M) of M is given by
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(6) cM)y=(n+p+1—3a)r.

Let & be the fundamental 2-form of P, ,(O). Since the Fubini-Study metric
& and the Ricci tensor § of P,,, ,(C) are related by

S=in+p+ D,

the Ricci 2-form 7 of P,, ,(C) satisfies

7= ”_‘l‘_p_tld") .
4
Therefore we have
(7) q®4®=1%?ﬁ@.

Since @ = j*@, it follows from (5), (6) and (7) that

qm=”+WT‘2%m,

T

which implies that M is cohomologically Einsteinian. Therefore from Theorem
1 we have

(8) jMpk*l = [—;-(n yp+1— Za,)]k(’;)j”u .

Let P,(C) be a p-dimensional linear subspace of P,, ,(C), and v the number
of points in M N P,(C). Then the dimension theory for algeraic manifolds
states that v does not depend on the choice of P,(C) if P,(C) is in general
position. By a theorem of Wirtinger [4], the volume of M is given by

On the other hand, since M is a complete intersection maifold, we have [2]
v=1[[a,.
Therefore it follows that

(4n)"

n!

b

jM*1 — (] @)

which, combined with (8), completes the proof of Theorem 2.
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If o, > (Z)(%)k, then it follows from (8) that

(&) [rr<[zo+rri-za] ()] 1

which implies ] a, < p + 1, thatis, ¢ = -.- = a, = 1. This proves Theo-
rem 3.
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